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. . .S&r&.
A methodofanalys’ish k&ped’ for*-ti~io~ flowon,

general.surfacesofrevolutioninturb~chines,witharbitraryblade
shapes.Themethcdofanalysisisdevelopedforsteady,compressible,
nonviscous,irrotationalflowthatis~sumd uniformnormalto the
surfaces,ofrevolution.lhcompressiblesolutionqona meansmfaceof
revolutionbetweenthe.htisnd”shroudsrepresent&dforfourflowrates
througheachoftwocentrMugalimpellerswiththesamehub-shroudcon-
toursbutwithdifferentbkde spacings.Inaddition,correlation
equationsaredevelopedwherebythevelocitycoqonentsandthestream
functiondistributioncanbe~redictedforcompressibleor incompress-
iblefloyinstraight-bl+%dimpellersanly,withanytipspeed,flow
rate,areavariation,bladespacing,andforanyflowsurfaceofrevo-
lution.

INTRODUCTION,,

h orderto achievesubstantialimprovementsin’compressa&d tur-
bineefficiency,newmethodsof,designmustbe developed,andthese
methodsshouldbebasedondetafledknowledgeofflowconditionswithin
turbomachines(compressorsandturbines).me purposeoftheanalysis-
method.developedattheNACALewis~boratmyandpresentedinthis
reportistoprovidea toolwherebyincreasedlmowledgeoftheflow
characteristics~ turb-”chinescanbe acquired.Inadditionthetwo-
dimtiionalnumerics+resultspresentedinthisreportpr,cwddethebasis
forfuturecomparisonwiththeresultsof thrpe-~enslonalsolutions.”

. .
Several~@neqsional,methodsof an&l.@lshav~alreadylkeg

develop~(re$erencea<,land2,forexample).,,,~,general,these.V=$N .....
methcxlsdifferintechniqueandscopeofapplication.Inparticular,
inreference.2 a method,ofanalysis,.is.developed,fortwo,-di+eng.iopal
compressiblef@w in t(~b-bmachines,@th,conicf@w surfaces,.geneYated-...
abouttbe@s ofthe,.-~b@h~e ~y,j?$r~ight~es. -,9 thisreport”..~-

—. ———--.—-— .————-— — .-—--——— —– .—-— —-— ——
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theanalysismethod
facesofrevolution
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ofreference2 isextendedto includearbitrarysur-
generateddmut sxesofturbomacbines.Inaddition

correlationequationssredevelopedfortherapidestimationofflow
conditionsiniqellerswithstraightblades.

MET30iiOiANAm-sti

Forgivencompressoroperatimgconditions,a cmpletesolutionfor
theflowthroughturbumachinesdependsonthemachinegeometry(three-
dimensionaleffects)sndonthefluidproperties(compressibilityand
viscosity). Theeffectsofcompressibilitysreconsidaedintheanalysis
methodoftlxkreportbuttheeffectsofviscositysrenot. Somethree-
di.mensionaleffectsme indicatedby thecombinationoftw&Umemional
solutions. Theideaofthesequasi-three-dimensionalsoltiionsiscon-
siderednext.

Quasi-three-dhensionalsolutions.- Considertheflowofanideal
fkid througha typicalpassagebetweenbladessuchasshowninfigure1.
Thefluidisfreetofollowwhateverpaththepressureandinertiaforces
requireof it. If,however,themmiberofbladesintheturbomachineis
considaedto approachinfinity,thespacebetweenblades,aswellasthe
bladethickness,approacheszeroandtheyathofthefhid islimitedto
thecurvedmesnsurfaceoftheWade. ThefMid motionisthusreduced
frcma generalthree-dimensionalmotionto a two-dimensionalmotion
restrictedtothemeanbladesurface.Thestreamlinesofthistwo-
dimensionalmotioncanbe projettedonthemeridionalplane(sxial-radial
plane)asshowninfigure2. Thesolutions~ axiallysymmetrical
becausetheinfinitentier ofbladespreventthefluidpropertiesfrom
vsryingabouttheaxisoftheturbomachine.

Axial-symmetrysolutionsestablishmesncircumferentialflowcon-
ditions,butforfinitebladespacingflowconditionsvarycircumferen-
tial.ly,aswellssfromhubto shroud.b orderto investigatethecir-
cumferentialvariation,whichissuperimposedonthecircumferential
mesnflowconditionsobtsin@ by theaxiel-symmetrysolution,itis
assumedthattheflowislimitedto surfacesofrevolutiongeneratedby
rotatingthemeridionalstresmlhesoftheaxial-symmetrysolution
(fig.2) aboutthesxisoftheturbcmachine.Ifthesemeridionalstream-
linesareselectedwithsufficientlyclosespacing,flowconditionscsn
be considereduniformnormsltothesesurfacesofrevolution.Thusthe
flowislimitedtotwo-dimensionalmotiononflowsurfacesofrevolution.

Blade-to-bladesolutionscanbe obtaimdfareveryflowsurfaceof
revolutiongeneratedby thestreamlinesinthemeridionalplane.There-
fore,flowconditionscanbe determinedapproximatelythroughoutthe
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~ass6ge.Thisresultingquasi-three-dimensionalsd.utionisobtdnedby
thecombinationoftwotypesoftwo-dimensionalsolution:axial-symmetry
solutionandblade-to-bladesolution.Althoughthiscombinationoftwo-
dimensionalsolutionsdoesnotresultina rigorousthree-dimensional
soltiion,because,forexample,theflowhasbeenconstrainedto sm’faces
ofrevolution,thecoribinationmustresultina betterpiclnmeofthe
trueflowconditionsthandoeseitherofthetwo-dimensionalsolutions
alone.Analysismethodsforthesxisl.-8ymme&ytypeofsolutionare
developedinreferences3 and4, forexample.Ihthisreportanalysis

methodsaredevelopedfortheblade-to-bladetypeofsolutiononflow
surfacesofrevolutiongeneratedaroundtheaxisoftheturbmachineby
known,cmassumed,streamlinesinthemeridionalplane. “

Comdinates.- ThecylindricalcoordinatesR, 0, and Z shown
infigure3 areconvenienttouseintheoreticalstudiesoftheflowin
turbomachines.(AU syuibolssredefinedintheappendix.)Thesecoor-
dinatesaredimensionless,thelineercoordinatesR and Z having
beentividedby theblade-tipradiusr~ (sothatR equals1.0atthe
bladetip,forexample). Thecocmlinatesystarotateswiththeblade
rowdboutthe Z-axis.Theangularvelocityo isslwaysconsidered
positiveandinthecounterclockwisedirectionasshowninfigure3.

VeloLitycomponents.- ThevelocityQ relativetotherotating
coordinatesystanhascomponents~J Qey ~’ Qz.fithe R, 0, ma
Z directions,respectively(fig.3). Thesevelocitiesaredimensionless,
havingbeendividedby thestagnationspeedofsound co upstreamof
thebladerow,where

co2=Y@To (1)

Inequation(1) R* isthegasconstantT istheratioofspecific
heats,and KC.isthestagnation(total~temperatureupstreamofthe
bladerow. Theblade-tipspeedislikewisedimensionlessandbecomesthe
conventionalblade-tip&ch mmber ~, whichisdefinedby

(2)

!lhusthetangentialvelocityofthebladeatanyradiusR is equalto
~ sndtheabsolutetangentialvelocityofthefluidis equslto

,- ,

,,, ~, , ... . . “. ,. “

,
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b additiontothethreecmponents
~, @ QZ itisconvenientto deffie
- inthemeridionalplane(RZ-plane)
velocityQM, wherefromfigure3

Themeridionalvelocity
ure3,fromwhichfigme

*

IMCATN 2654

oftherelativevelocity~,
a fourthvelocitycOm@nent,
and&find asthemeridional

QM2= %2+QZ2 (3)

QM helpsdefinetheanglea, showninfig-

~= QM Bina (4)

QZ= QM cosa (5)

Therm@mmic relatlons.- Fromthegeneralenergyequation,inthe
~senceofheattransfer,itcanbe shownthatalonga streamlinethe
static(stream)teqeratureT isrelat~totherelativevelocityQ
by (reference2)

T
[ 1–=1++(w)2-Q2-2~%m

‘0 u

where thesubscriptU refers
rowandwhere A isthewhirl
mmnentumdividaiby rTco and

A

to conditions
ratiodefined
givenby

farupstresmof
astheabsolute

.

(6)
.

r

theblade
momentof

(7)

ForisentroPicflowthe~ressureratio P andthedensityratio p/p.

areMkewiserelatedtotherelativevelocityQ by
Y Y

‘=&=($r=~+w@’’@2-Q2-+r (8)

wherep and p srethestaticpressureand
~.

density,respectivdy,

.

,.

N
Rm

—- —. —.—
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Analysis

.

A streamlinethatwasobtainedfromanaxial-symmetrysolutionin
themeridionalplane(fig.2,forexample)isshowninfig’we4 together
withthecoordinates,velocities,andsoforthata pointonthestream-
line.At thisyointa tangenttothestreamlineinthemeridionalplane
intersectsthesxisoftheturbomachinewiththe,anglea, as indicated,
Ifthistangentlineisrotatedaboutthesxis,itgeneratestheswface
ofa conethatistangenttotheflowsurfaceofrevolutionobtainedby
rotatingthestieamMne(fig,4). At thecircumferentiallineof
tangencya fluidparticleontheflowsurfaceofrevolutionisalEOon
theconicfMw surface.Thisfluidparticleisshowninfigure5 ona
develwedvtewoftheconesurface.Theheightratio H ofthefluid
psrt$cleisdefinedby

(lo)

whereh (El&.2) isthe10caJ-spac4gMm== centerUnes ofthechan-
neb fmmedby theadJace@streamlines(f1$,2) on eithersideofthe
streamlinethatgeneratesthesurface@ rev~lut:op,

AbsOl@etrr@atio@ moticvh- ~ theabeeueofshock,vtscous
effecks,@ SQ%wth, theabsduliemotion@ thefluideverywhereODthe

fromWhMh

Uonmm.a$’by*
illrigu-rts’!2

- mxmlWmmELty GCmEmkL&wmsfQrthefMia PW%MJ2
.

H = X@)

(u?)

. .—.. ..—. — .- — . —- .--— —--—.—
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A streamfunction~ satisfies
as

$e =

%
=

NA!2AlTJ2654

w
thecontinuityequation(32)ifdefined

&QM~

.}

$
(13) mm

-:@z&

Transformationof coordinates.- J?orconvenienceintherebxation
soluticmthefollowingtransformationofcoordinatesisintro@ced:

whereAf3 is theangularsyacingoftheIibdes*out theaxis
turbomachine.Equation(14a)canbe integratedto give ~ as
of R with & arbitrarilyequalto zerowhen R equalsone,

(14a)

(14b)

ofthe *
a finction
andequa-

tion(14b)canbe integratedtogive q equalto ~~.
.

By thistrans-
formation,whichisconfmnnsl,thecurvedflowsmfaceofrevoltiioh
becomesa flatplane(~q-plane). Linesofconstant~ and q sreshown
trsnsformedontoa flowsurfaceofrevolutioninfigure6. Theproblem
issolvedinthe ~~-plsneandtransfcmmedbacktothecurvedflowsurface
ofrevolution.Theadvantagesofthistransformationsre: first,a
warpingoftheb~de ahapewhichforstraightbladesresultsin straight
parallel.boundaries(blades)inthetiansformedplane,thuspermitting‘
equalgridspacingforsolutionby relaxationmethods;andsecond,a .

reductioninthenumberoft~ inthefinal&Kferentialequationfor
thestreamfunctiondistribution,thusreducingtheMbor involvedin
obta~n a relaxationsolution.

Generaldifferential equtionforstieamfunctiondistribution.)- ‘‘
b termsofthetransformedcocmdinates,equation(n) for~soluteirro-
tational.motionbecomes

—— —



IWCATN 2654

andequation(13)forthestreamfunctionbecomes

7

.,

.

Equations(X5)and(16)combinetogive(notethat H and R are3mde-
pendentof q)

(17) “

Inthisequationthedensityratio~ isrelatedto thevelocitycom-

ponents~ W Qe by equation(9)where Q2= QM2+ %2, andthe
velocitycoqonentssrerektedtothestreamfunction~ by equa-
tion(16). Thissystemofequations((9),(M), and(17))canbe solved
forgivenboundaryconditionsby relaxationmethods(references2 snd5)
to givethedistributionof ~ fortwo-tiensionalflowpastarbitrary
blade~shapeson,theflowsurfaceofrevolution.me velocitycomponents,
andthereforethepressure,density,andsoforth,canbe obtainedfrom
thedistributionof ~ by-meansof-equation(16)~

bcompressibleflow.- Forincompressibleflowthe
ofsoundcontainedinthedefinitionof Q and ~ is

itsusec&nbe eliminatedby consideringtheratio $,

ratioofthe

~ equalto

stagnationspeed
undefinedand

whichisthe
J.

relativevelocityto theimpellertipspeed.5US,with
oneforincompressibleflowequation(16)becomes

(16a)

.-. — .- —.——-.—._..—. -.. —y—z —- —
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wherefromequations(16)~i

sothatequation{17)‘becomes

.

NAC!ATN 2654

isrelatedto # by

?#i=.l
%

aft= divid@ by ~ 4

whichistheysrtialdifferentialequationusedforthenumericalsolu-
tionspresentedinthisreport.

MethodofSolution

heriCd methcxls. - SOltiiopsofthedifferentialegyations(17)
or (17a)forgivenbladeshayesongiven,srbitrarysurfacesofrevolu-
tionandforgivenflowratesandblade-tipMxh tiers sreobtainedby
relaxationmethodsusingtechniquesdiscwsedinreference2.

Boundaryconsid=ations.-As inreference2 itcanbe shownfrom
continuityconsiderationsthatif ~ is zerosl.ongthedrivingfaceof
theblade{bladesurfaceinthedirectionofrotation)thestreamfunc-
tion $t alongthetrailingface5sconstantandequalto

*t = Q(m) (’Qla)

Inequation(18]thechsnnelflowcoefficientT isdefinedby

‘?=-=--”Po~o ‘Q % (la)
.,

whereW istheflowratethroughthechanneland ~ isthec@mnel
flowareaatthebladetip

., ,,
~ . r##B)

Forincompressibleflow

(19a)

(20) .

— ——
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TheJoukowskiconditionandotherboundaryconditionsarediscussed
inreference2.

-ICAL EXAMPIES

Solutionsarepresentedforfourflowratesthrougheachoftwo
centrifugalimpelJ-erswiththesameMb-shroudcontoursb’utwithdiffer-
entbladesyacings.Thesolutionsareforincompressible
faceofr~lution generatedby themeanstreamlineof an
Solution●

DesignandOperatingConditions

flowon a sur-
axial-symnetry

Imp3SLergeometry.- 5e hub-shroudpofileofthe@ellem is
describedinfigure7. Them~er bladesarestraightandthin,and
formathematicalsim@icityextendindefinitelyfsrupstreamparallel
withtheaxisoftheimpelkr. Thediffuserisvaneless.Solutions
wereobtti fortwobladespacingsthat,afteraccountingforthe
bladethickness,measured14.67°and32.80°abouttheaxis.

-, Operatingconditions.- Thefluidwasconsideredtobe incompress-
ibleandnonviscous.Thesolutionswereobtainedon a flowsurfaceof
revolutiongeneratedby themean(O.5) streme oftheaxial-symmetry

. solutioninfigure2 (the R,Z-coordinatesofwhichstreamlinewere
obtainedfromresultsofreference4 andaregivenintableI together
with SiIlCLand H). Foursolutionsfordifferentflowrateswere
obtainedforeachofthetwobladespacings.At lowflowratesan eddy
(reference2) existsonthedrivingfaceofthebladeandat zeroflow
(closedthrottlebutimpellerrotating)theeddyoccupiestheentirepas-
sage.As indicatedinreference2 theeddyflow,whichconsistsoffluid
thatremainsintheimpellerandr@atesrelativetotheimpellerwithan
~ velocityeq~ ad opPositetothatoftheimpeller,results
fromtheconditionofabsoluteirrotationalfluidmotion.Thefour
solutionsforeachbladespacingwereobtainedfm thefollowingflow
conditions: (1)eddyflow(nothroughflowsothattheeddyoccupies
entirechannel),(2)zeroeddyflow(throughflowratejustsufficient
to ekbminateeddy), (3)halfeddyflow(halfofthethroughflowrate
requiredto eliminateeddy),and(4)throughflowrateusedinsxisl-
symmetrysolution(fig.2) ofref=ence4. Theseflowratescanbe
eqyessedby ratiosofupstreamaxialvelocityto impelLmtipspeed
(Q#T$)uO me WOW flOWratere-ed tO e~te theeddyv~ies
withthebladespaciggso

flowcotitionsdescribed
followingtxible:~

thatthevaluesof.(Q#$)~ forthefour

aregivenforbothbladespacingsinthe

. -—-.. . .- .-. — ———— -— _—. . — ———— ——.—
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()Qz

%

14.6732.80

NJ1%mm

Eddyflow
Onehalfeddyflow
zeroeddyflow
Flowrateof
exialsymmetry
sOlution

3
.060
.120
.3429

)
.105
.210
.3429

Thesolutionsforthevaridusratiosofflowrateto ~~ tip
speedwereobtainedby superpositionoftheeddyflowsolution(rotating
&rpel.lerwithnothroughflow)withveriouspercentagesofthethrough
flowsolution(flowthroughnonrotatingimpeller).

Results ,.

Theresultsofthenumericalexm@es arepresentedinfigures8
to Il. Theresultsere@ottedonthesurfaceofrevolutionbetweentwo
ing?ellerblades.me EY7 coordinatesystemisshownonthesurfaceof
revolution.Therelationbetween~(A8) andthespectiiedcylindrical
coordinatesR and Z alongthesurfaceofrevolutionwasobtained
froma numericalintegrationof equation{14a)andisgivenin.table1.
Ercmequation(14b)~ isrelatedto @ by

Streamlines.- Thestreamlinepatternsonthesurfaceofrevolution
areshowninfigures8 and9 forthe32.80°andthe14.67°angularblade
spacings,res~ectively.Foreachbladespacingthestreamlinesaregiven
forthefourspecifiedflowrates.Theinqxillerrotatesintheclockwise
tiectionsotliatthedriv@ faceofa bladeisontheleftofthe
channelandthetrailingfaceontheright.Exceptfw theccm@eteeddy
flowsolutions(figs.8(a)and9(a)) thestreamlinesaredesignatedby a
stresmfunctionratio~i/(~i)t suchthatthev~ue ofthisratioindi-
catesthepercentageoftotalchannelflowbetweenthestreamlineendthe
drivingfaceoftheblaie. (Forthecompleteeddyflowsolutionsthe 1
streamfunctionratio~i/(#-i)tiindicatesthepercentageoftOtaJ-

—

flowratecirculatingwithinthechannelbetweenthestreamlineandthe
nesrestblade.) At eachradiusthespacingofthestretie is indi-
cativeoftherelativevelocity,withclosespacingindicatinghigh

●

—



IMCAl!N2654 u.

velocitiesandwidespacingindicatinglowvelocities.Thus,theveloc-
itiesarehigheronthetrailingfaceofthebladethanonthedriving
face,exceptatthebladetipwherethevelocitiesareequalonboth
facesandexceptforthecompleteeddyflowsolutions(figs.8(a)
and9(a))wherethevelocitiesareequalonbothfacesat equalradii.

AE indicatedinthefiguresthefluidwithintheeddyremainsin
the~eller androtatesintheoppositedirectiontothatoftheinpeller
sothatthevelocitiessreinwardalongthedrivingface. (Alsosee
reference2,forexample.)Theeddyflow,whichresultsfromthecondi-
tionofabsoluteirrotationalmotion,isassociatedwithchangesin
radiusalongtherotatingflowsurfaceanddisappearsastheupstream
surfacebecomescylindrical(constantradius).Thissituationismost
clearlyevidentinthesolutionsforno throughflow(figs.8(a)
and9(a)). Thus,forquasi-three-dimensionalsolutionstheeddyflow
disappearswhenthesurfacesofrevolutionbeccuuecylindrical.(This
conditioniscommonlyassumedwhentwo-dimensionalcascadedatasre
appliedtothedesignofaxial-flowturbomachines.)Forrigorousthree-
dimensionalsolutionstheeddycontinuesto existbutitsplaneisnormal
totheaxisoftheturbomachineandresultsonlyina distortionofthe 4
Initiallycylindricalsurface.H thisdistortionisneglectedby
assumingtheflowisconstrainedto surfacesofrevolution,theeddy
disa~earsoncylindricalsurfaces.

Inthesolutionsfornothroughflow(figs.8(a)and9(a))the
greatermagdtudeof ($i)b for A9 equalto32.80°thanfor.A9
equalto 14.67°indicatesthatthemagnitudeoftheeddyflowrate
increaseswithincreasingbladespacing.

Relativevelocitycomponents.
componentsareshowninfigures10
lsrbladespacings,respectively.

- Iinesofconstantrelativevelocity
and~for the32.80°and14.67°angu-
Themeridionalandrelativetangential

velocitycomponents
R “:) ~

areplottedandonlythesolutions

for
Qe

%

theeddyflowareconsidered.
Q..

(Forsolutionswithtlmughflow,

remainsthessmeand -m
%

isincreasedan amount,givenintableI,
.

Qz(%)thatisproportionalto — andisa functionof ((Ae) only.)
u

Q@
Idnesof constantrelativetangentialvelocity— areplottedin

%
%figures10(a)andn(a). me valuesof —
%

neartheimpellertipare



12 l!MCATM 2654

(I

negativesothatthesliyfacta v (definedastheratiooftheaversge
sbsolutetangentialvelocityattheimpellertipto theimpellertip
speed)is less
spacingsare

than1.0. The resultingslipfactorsfm thelmublsde

Blade
spacing

(f%)

14.67
32.80

o.9111.
.8142

CDU)s

Q(IBecause—
%

isunaffected~y thethroughflowthevaluesof w are

independentoftheflowrate(abo seereference6). Thevaluesof
%
F

atlowervaluesof R upstreamoftheimpellatlpapproacha max-

imumpositivevalueandthendecreaseto zerossthesurfaceofrevolu-
tionbecomescylindrical.Itisnotedthatthemsximumpositivevalue

Qe
— isconsiderdilylargerforthewiderbkde spacing.

‘f %

%5Linesofconstantmeridionalvelocity— areplottedinfig-
%

QMmes 10(b)andId.(b). Thevaluesof ~ srenegativealongthedrimlmg

facesndpositiveslongthetraj~g facewithzerovaluesalongthe

%centerld.neofthechannelbetweenblades.Themximumvaluesof —
%

occuronthebladesurfacesnearthe@eller tipandastheradius

decreases%— decreasesanda~roacheszeroastheuytreamsurfaceof .
%

Q.
revolutionbecomescylhdxical.Itisnoted,asfor —, thatasthe

% %
bladespacingincreasesthemagnitudeof — incresses.

%
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Therel&ationsolutionspresentedinthisreportreqtiedconsid-
erablelaboranditisthereforedesti~letohavea morerapidmethd
of analysisto serveasa usefulengineaingtool. ‘lhecorrelation
equationstobepresentedinthissectionhavebeendeveloyedforthis
ob~ective. Theseequationssrehnitedto @e3&rs withstraightblades
onarbitrarysurfacesofrevolution,butotherlessaccuratemethodsof
analysishavebeendevelopedforbladeswitharbitraryshape(refer-
ence7,forexample). Thecorrelationequationstobe developedarean
extensionoftheccmrelationequationsdevelopedforstraightbladeson
conicflowsurfacesofrevolutioninreference6. Thisextensionemibles
thecorrelationequationsto applyto arbitrarysurfacesofrevolution.
b thisreport,asweI1.as inreference6,thecorrelationequationssre
developedtopredictthedistributionoftherelativevelocitycomponents
C& and QM andthestreamfunction$ throughouttheimpellerpassage.
Thecorrelationequationsaredevelopedfromthefundamentalconditions
of continuityandabsoluteirrotationalmotionandfromc~tainobserved
resultsoftherelaxationsolutions.Thesecorrelationequationspredict
flowconditionsinstraight-bladedimpellerswithanytipspeed,flow
rate,areavariation,bladespacing,andforanyflowsurfaceofrevolu-
tion. Thecorrelationequationsdeterminetheseflowconditionsfrom
variousparametersthatdescribe’thedesignandoperatingconditionsof
the@eJJer andfromtabulatedvaluesofanyknown“standardtrsolution
(suchasthatgiveninreference6).

b thecorrelationequationsofthisreport,andofreference6,the
standardconditions(obtainedfromanyhewn solution,reference6,for
example)andthenonstandardconditions(beinginvestigatedby thecorre-
lationequations)sreevaluatedatthesamevsluesof C and ~. The
effectoftheshape of the Stiace ofrevolutiononthefluidproperties
“ata givenpoint (~,~) onthesurfaceofrevolutionisdeterminedby
theeffectoftheshapeon sina, whichtermappearsinthecorrelation
equations,andby theeffectoftheshapeon ~, whichqusntityiS
relatedto sina by equation(14a). I

Compressibleflow.- Inthepreviousdevelopmentofcorrelation
equationsthelocalvelocitywaEfoundtobe,in effect,madeup ofthe
aversgevalueof ~ atthegivenradiusandsuperimposedvelocityccun-

ponentscausedby therotationofthechannel.5e superimposedvelocity
componentsweresufficientlysmallnottobe greatlyaffectedby compress-
ibility,whichWSEonlyconsideredto sffecttheaveragevalueof %4”
Becausetldseffecton QM is easilyincorporated,thecorrelationequa-
tionsinthisreportaredevelopedforcompressibleaswelLas incompress-
ibleflow.

.,

——.—--——— ----- .— ..—
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.
Assumethatthe ~ c~onent oftherehtivevelocityiscorre-

.

lateahy

Qe’= A&)s ‘ (21)

wherethesuperscriptprimeindicatesapproxhatevaluesdeterminedby
thecorrelationequations,wherethesubscripts indicatesstandsrd
values(givenintablesofreference6,forexanple),andwhere

K (L@)sinCL
‘= [~ (M)) sina]8 (22)

Forconstsntu equation(21)i%identicaltothecorrespondingcorre-
lation&qutionofreference6. (Notetheclifferentdefinitionof Af3
inrefmxmce6.)

Fromequation(21)andusingtheidenticalproceduredescribedin
reference6,thecorrelationequationfor QM becomes

[ - @l’Lr’js+
~=(QJ#A Q’M

{[
(Qe) s

A(2q- 1) ~
1

(N3)si.na- (AE3)~sina8 + (R

whereR isa knownfunctionof
tinuityconsiderations(reference

t
6)

(9)by aSS-
is zeroandthe
that

andwherefrom

al
P=RH
P.

/ratio pavp.

J-R=)(J@@8 s~~

(23)

one-dimensionalcon-

(24)

isobtainedfromb equation(24)theaveragedensity
equation thatforstraightbladestherelativetanwsmtial
Velocity
valueso

meridional.velocityisequalto itsaverage

Q2.~(QM)av2
.

.

——-—
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.N
1+cl-a0’)

Likewisethecorrelationequationforthestreamfunction~ becomes

J(A8)~ sin as + (R - RE)(q

Fora completeeddyflow(nothroughflow)
thatequation(25)becomesindeterminate.E, however,bothsidesof
equation(25)aremultiplied_by

whicheqtity isobtainedfromequations(18)and(24),equation(25)
canbe evaluateddirectlyfor $I.

,
Inccmrpressibleflow.- Forincompressibleflowthestagnationspeed

ofsbundcan,asbefore,be eliminatedfromconsiderationby expressing
Q and ~ asratiosof ~. Thusforincompressibleflowthecorreb.
tionequationsbecame

(a’‘:(%)S
where

‘*=*

(21a)

(22a)

(3=[’%+’’{(%)-[%]}s+

1(R- R6)(@6 Sill as (23a)

...- .-_. —_____ .. -.___ _.. —— . . . .
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&=~+*([%(t-~jls+

(25a)

Representativevsluesof
(%)(%) w & “’t-d”

therelaxationsolutionsofthisreportsrecompsredinfigures12to 14
withthecorrespondingvaluesgivenby thecorrelationequations[(21a),
(23a)and(25a)~usingthestandardsolutiongiveninreference6.
Perfectqgeementcorresponds”tothe45°straightline,anditisseen .
thatthecorrelationequationsae accurate.

EE’feetofflowsurfaceshape.- Thecorrelationequation(23a)has
beenusedto computethevelocitydistributiononthebladewrfacesfor

.

incompressiblefiowinimpellers-withstraightblades,withconstant
flowareaalongtheflowsurface,andwithvariousshapesofflowsur-
facesofrevolution.Theseflowsurfacessredescribedby theshapeof
theirgeneratinglines(meridionalstreamlines)inthe RZ-plame.la
orderto demonstratetheeffectofflowsurfaceshape,calculationshave
beencarriedoutforgeneratinglinesthatsredescribedby theequation

R=+
[ 1(2Z- l)n+ 1 (26)

Thefamilyofgenemtinglinesisgivenby vsriousvaluesforthe
parsmeter n, andasindicatedinfigure15,thesurfa~esinallcases
startat a radiusR of0.5(inpdlerimlet)andendat a radiusR of
l.O(impellertip).

Theresultingvelocitydistributionsonthebladesurfacesare f,
plottedinfigure16. As thevalueof n decreases,thedifferencein
%locityonthetwo
inthe limitas n

:,..

bladesurfacestowardtheimpel& tipdecreasesand
approacheszerothevelocitiesbecomeequalonboth

d

.? .

— ——
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.

-,

.

surfaces.At thisUmitingvalueof n equalzerotheflowisaxial.
(seegeneratinglinefm n equaltozeroinfig.15)andtheveloc-

itiesonbothbladesurfacesareequalto theaveragevelocity
()
%
~T a~’

whichfortheseexsmplesisconstantbecause,oftheconstantprescribed
flowarea.

As thevalueof n increasesthedifferenceinvelocityonthetwo
bladesurfacestowardtheimpellertipincreasesandintheMmit as n
approachesinfinitythisdifferenceapproachesthatfora ‘radialflow
~eller (seegeneratingHne for n equalto infinityinfigure15).

~ thevelocitydistributioncurvesinfigure16wereextrapolated
to lowervaluesof R, thecurveswouldcrossbecause,qs~cated in
figure15,theflowsurfacesthataremorenearlyradialnearthe
impellertiparemorenearlyaxialnearthe@&U.er inlet,andvice ,
“versa.

7CE’RE6TJLE
. .

A gederalmethod’ofanalys~s-isdevelo@dforsteady,two-
dimensional,compressible,nonviscous,ixrotationalflowbetweenarbi- ‘\~
trsrybladeshapesonarbitraryflowsurfacesofrevolutioninturbo-
machines.Jhcompressiblesolutiofiwe presentedforfourflowrates
througheachoftwocentrifugalimpellerswiththesameh@-8hroudcon-
toursbutwithclifferentbladespacings.h addition,correlationequa-
tionsaxedevelopedwherebythevelocitycomponentsandthe,streamfunc-
tiondistributioncanbe predictedfor compressibleorincompressible
flowinstraight-bladed@eXlers only,withanytipspeed,flowrate, -
areavariation,bladespacing,andforanyflowsu&face& revolution.

.“~-

LswisFlightPropulsionLaboratory
NationslAdvismyComitte’&forAeronautics‘“ - “

Cleveb+d,

.,

-r .-,. . . . . . . . . .

.— -. __ ——. . .

Ohio,Decegiber23,&51 .. : ... . .,:~

< . .. . .
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JIPPENDIX
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.

SYMBOLS

Thefollowingsymbolsareusedinthisreport:

A“

A*

9

co

parameter,equation(22)

Parsmet=,equation(22a)

flowareaat channeltip,equation(I-8a)

stagnationspeedofsoundupstreamofturbcmachine,eqm-
tion (1)

gravitatitiacceleration

heightratio,equation(10)

spacingbetweencenterlinesofchannelsformed
adjacentto streamlinethatgeneratessurface
figure2

blade-tipMachnmiber,eqpation(2)

exponent,equation(26)

pressureratio,eqpation(8)

staticpressure

rehtivevelocityexpressedasratioof co

meridionalcamponentof Q, equation(3) .

by stretines
ofrevolution, .

.

componentsof Q in R, 0, and Z directions,respectively

cylindricalcoordinates,dimensionless(LhmarcoordinatesR
and Z expressedasratiosof ~)

perfectgasconstant

blade-tipradius

statictemperature

totalflowrate
blades

throughchannel
.

(ofheighth)betweentwo
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a angle,figures3 and4

r dimensionlessfluidcirculation

r ratioofspecificheats

n trsmsfonnedcoordinate,equation(14b)

M angularbladespacingaboutaxisofturbmachine

A whirlratio,equation(7)

P slipfactor

t transformedcoor&Lnate,

P staticweightdensity

equation(14a)

T channelflowcoefficient,equation(19)

~ stresmfunction,equation(13)

o ~ velocityofbladerow

Subscripts:

av average

i incompressible

o stagnationconditionupstreamofturbomachine

s standardsolwtion

T bladetip

t trailingfaceofblade
*

u farupstreamofturbomachine

Superscripts:

f estimatedby correlationequations

M

.

——-—..— ——- ..—— .—. ———
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TABLEI- ~TICS C@I!EfU?FLOWSURFACEOF

REVOIUTIOIVUSEDIllNUMERICALEXMPIE8
~

-1.792
.1.664
-1.536
-1.408
-1.280
-1.152
‘-1.024
- .896
- .768
- .640
- .512
- .334
- .256
- .128
0
.128
.256

R

0.4915
.4920
.4930
.4950
.4978
.5021
.5096
.5212
.5408
.5722
.6205
.6890
.7770
.8803
1.0000
1.1368
1.2919

z

-0.3394
- .2767
- ● 21%
- .1502
- .0870
- .0232

●Om
.1058
.1710
.2348
.2933
.3408
.3737
.3931
.4052
●4120
.4127

sina

0.0082
,0140
.0218
●0333
.0555
.0900
.1422
.2222
.3550
.5372
.7312
.8888
.9678
,9913
.9968
.9996
1.0000

H

3.659
3.652
3.636
3.608
3.565
3*493
3.364
3.160
2.858
2.!544
2.236
1.9Q1
1.542
1.239
1.0000
.8700
.8664

%/%

7%7EmJ
(a)

1.OO1
1.002
1.004
1.008
1.015
1.027
1.050
1.093
1.165
1.237
1.298
1.374
1.502
1.651
1.800
1.820
1.608

aVsluesof (~~)u forflowratesusedin
numericalexamplesofthisreportaregiven
inthetextunderOperatingconditions.

— —.— -. ..— . .——. ——— —
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Directionofrotation

~. #’ 1,
,. ,’ t’,1
~,’. .’ ItI‘. ,’‘.*> .\ ./’ t’,’

----‘. --”” )’,’---------‘. f’,~.. /’,)
‘. ,’,’
‘. ,’,~
‘. /’,~
‘. /’,/’
‘. ,,”#-
~. .-,-.. .-..-

.:::./-....---- --z--=--=-----------*

2?mm

Figure1. - Channelbetweenbladesof t~icalhigh-soliditybladerow. ‘
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o

.-I-~.AXiS Of turbomachine

=s=
Figure2.-~tresmlinesinmeridionalplaneforaxial-symnetry
solutionofchanneldescribedinfigure7..Streamline
designationindicatespercentageofflowthroughchannel
betweenstreamlineandhub.Incompressibhflm;%4%equalto0.3429.farupstream(reference4).

.—.+_ ___ ..— ._—. _____ ____ ___ -.—— —— ____ ._ ____ __
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., ,““Figure3. - Cylindrical.cmrdlnates and velccity components relative to rotatingblab
row. All quantities are dimensionless. Linear ccmwdlnatesare measured in units of
blade tip radiw; velocity ccarponerrtsare meamn-ed in unit~ of stagwtion .rpeedof
sound qwtreem of blade rou.
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Streamlinein

Q

\
\

\
\

,meridionalplane

Q6’ R i

a

streamline

Figure4. - Coordinates,velocities,andsoforth
atpointonstreamlineinmeridionalplane(axlal-
symmetrysolution).

I%

Frontview Sideview

Figure5. - Fluidparticleondevelopedsurfaceofcone
pointthat-da”tangentti5flowsu-~face‘of’revolution.
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TJ2am3formed@plme

Figure6. -LineSofconstantg.maq(coordlnatesoftransformed~q-plane)on
flowsurfaceofrevolution.
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Axis ofimpeller
I I I I I I
o .2 .4

kd.d distance,Z

Figure7.-Hub-shroudMmemionsofimpelJerfornumerical
examples.Vanelessdiffuser;straight@ellerblades
extendedindefinitelyfarupstreampmallelwithaxisof
@eUer.
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Figure12.- Cmparisonbetweenrelaxation
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Figure130- Comparisonbetweenrelaxationandestimatedvaluesof %
E-

Correlationequation(23a).
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Pointsplottedfor q = 0.25,
0.50,0.75.

I
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Valueofstresmfunction,vi
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Figure14.- Cmparhonbetweenrelaxationandestimatedvsluesof$i.
Correlationequation(25a).
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Add distanceratio}Z

Figure15.- Generatinglinesinaxial-radialplanethatsre
rotatedaboutaxisofimpellerto obtainflowsurfacesof
revolution.
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